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Abstract We address the following inverse problem in quantum statistical physics: does
the quantum free energy (von Neumann entropy + kinetic energy) admit a unique mini-
mizer among the density operators having a given local density n(x)? We give a positive
answer to that question, in dimension one. This enables to define rigourously the notion of
local quantum equilibrium, or quantum Maxwellian, which is at the basis of recently derived
quantum hydrodynamic models and quantum drift-diffusion models. We also characterize
this unique minimizer, which takes the form of a global thermodynamic equilibrium (canon-
ical ensemble) with a quantum chemical potential.

Keywords Quantum hydrodynamic models - Inverse problem - Density matrix - Entropy
minimization under constraint - Quantum statistical physics - Moment realizability

1 Introduction

We deal with a question which is at the core of recently derived quantum hydrodynamic
models based on an entropy minimization principle [7, 8]. Let a given density of particles
n(x) > 0, can we find a minimizer of the quantum free energy among the density operators
o having n(x) as local density, i.e. satisfying the constraint p (x, x) = n(x), where p(x, y)
denotes the integral kernel of ¢?

This question arises in the moment closure strategy initially introduced by Degond and
Ringhofer in [7] in order to derive quantum hydrodynamic models from first principles.

F. Méhats (B<)
IRMAR, Université de Rennes 1, Rennes, France
e-mail: florian.mehats @univ-rennes1.fr

F. Méhats
IPSO, INRIA Rennes, Rennes, France

O. Pinaud

Institut Camille Jordan, ISTIL, Université de Lyon 1, Lyon, France
e-mail: pinaud @math.univ-lyonl.fr

@ Springer


mailto:florian.mehats@univ-rennes1.fr
mailto:pinaud@math.univ-lyon1.fr

566 F. Méhats, O. Pinaud

Let us briefly review this theory (for more details, one can refer to the reviews [9, 13]).
The quest of macroscopic quantum models is motivated by applications such as nanoelec-
tronics, where affordable numerical simulations of the electronic transport are necessary
while the miniaturization of devices now imposes to take into account quantum mechani-
cal effects in the models, resulting in a higher simulation cost. At the microscopic level of
description, the Schrédinger equation and the quantum Liouville equation are numerically
too expensive, which motivates the derivation of models at a more macroscopic level. In the
classical setting, the relationships between microscopic (kinetic) and macroscopic (fluid)
levels of description are fairly well understood by means of asymptotic analysis, see for in-
stance [17, 18, 28]. In particular, it is known that the understanding of the structure of the
fluid model relies on the properties of the collision operator at the underlying kinetic level.
Indeed, collisions are the source of entropy dissipation, which induces the relaxation of the
system towards local thermodynamical equilibria. The free parameters of these local equilib-
ria are the moments of the system (e.g. local density, momentum and energy) and are driven
by the fluid equations. Arguing that the derivation of precise quantum collision operators
is a very difficult task, while only the macroscopic properties of such operators is needed
in our context, Degond and Ringhofer have grounded their theory on a notion of quantum
local equilibria. To do so, they have generalized Levermore’s moment approach [26] to the
quantum setting. The idea consists in closing the system of moment equations by defining a
local equilibrium as the minimizer of an entropy functional (say, the von Neumann entropy)
under moment constraints.

In [8], this approach was adapted so as to describe systems in strong interaction with
their surrounding media and obtain quantum macroscopic models by applying a diffusive
asymptotics. The most simple of these models, the quantum drift-diffusion model, was stud-
ied numerically in [10, 16] and the simulation results for one-dimensional devices such as
resonant tunneling diodes were encouraging. This model is based on the most elementary
constrained entropy minimization problem. Indeed, in this case, the local quantum equilib-
rium at a given temperature, also called quantum Maxwellian, is defined as the minimizer
of the quantum free energy subject to a local constraint of prescribed density. Note that not
only the total number of particles is fixed, as in the usual quantum statistics theory (for the
so-called canonical ensemble), but also the local density n(x) is imposed at any point x of
the physical space. This problem has been studied formally in [8] and the Lagrange multipli-
ers theory lead to the existence of a quantum chemical potential A(x) such that the solution
of the minimization problem is a density operator of the form

QZeXP<—_A+A(X)>- (1.1)

Remark that the difficulty in this problem lies in the fact that its solution will depend on its
data in a global way. The similar problem in classical physics, i.e. reconstructing f(x, v) =
exp(—(% + A(x))) from its density n(x) = f f(x,v)dv, is very simple and the chemical
potential, given by A(x) = —logn(x) + %log(Zn), depends on n(x) in a local way. Here,
due to the operator formalism of quantum mechanics, which is not commutative, the density
and the associated chemical potential are linked together by a non-explicit formula, and in a
global manner.

To end this short presentation, let us also recall that this quantum drift-diffusion model
displays formally several interesting properties: it dissipates a quantum fluid entropy, which
indicates that it should be mathematically well-posed, and it can be related to other known
models after some approximations (for instance, semiclassical expansions on the quantum
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drift-diffusion system enable to derive the density-gradient model). Besides, a whole family
of quantum fluid models were derived by several authors, based on the same entropy mini-
mization principle: quantum Spherical Harmonic Expansion (QSHE) models [4], quantum
isothermal Euler systems [11, 21], quantum hydrodynamics [12, 22], models with viscos-
ity [6, 20], quantum models for systems such as subbands [31] or spins [3]. Nevertheless,
one has to put the emphasis on the fact that all these studies remain yet at a formal level.
Even the notion of local quantum equilibrium has only been defined formally and this prob-
lem of entropy minimization under local constraints is widely open.

The aim of this paper is to make a first step towards the rigorous justification of these
models, by studying the quantum entropy minimization principle in the most simple situ-
ation, in the case of a density constraint. We work in dimension one, in a finite box with
periodic boundary conditions. Our main result, Theorem 2.1, is presented after a few nota-
tions in the next section. We show that, in an appropriate functional framework, the quan-
tum Maxwellian is properly defined, i.e. that to any density n(x) > O corresponds a unique
density matrix ¢ minimizing the free energy. Moreover, we prove that ¢ actually takes the
form (1.1), where A(x) is the quantum chemical potential (in the sequel of the paper, the
temperature 7' will be set to 1).

Let us now make a remark. One can see on the formula (1.1) that the quantum
Maxwellian reads as the global equilibrium canonical ensemble associated to the Hamil-
tonian —A + A(x), where the chemical potential A(x) is seen as an applied potential. Hence,
our problem can be reformulated as the following inverse problem in quantum statistical
mechanics. Let a system at thermal equilibrium with a surrounding media at a given temper-
ature, in a certain potential. Can we reconstruct the potential from the measurement of the
density at any point? This problem has been much less studied than more standard inverse
problems such as the inverse scattering theory (reconstructing the potential from its scatter-
ing effects) or the inverse spectral problem (reconstructing the potential from the spectrum
of the associated Hamiltonian). Nevertheless, one can quote at least two references where
similar inverse problems have been investigated. In [25] (see also the series of ref. 5 therein),
a practical method for reconstructing potentials from measurements was settled using Feyn-
man path integrals and, in [19], a close problem for quantum spin systems was studied.

The outline of this paper is as follows. In Sect. 2, we define the functional framework of
the paper and state our main theorem. In Sect. 3, we study the entropy and the free energy
and give some useful results for the sequel. In Sect. 4, we prove the existence and uniqueness
of the minimizer p[n] associated to a density n. Section 5 is devoted to the characterization
of p[n] via the Euler-Lagrange equation for the minimization problem. To deal with the
constraint, we introduce a penalized problem.

Future developments of this work will involve several directions. A first extension will
concern the investigation of other spatial configurations: other boundary conditions, whole-
space case, or space dimension greater than one. We will also investigate the entropy min-
imization problem with constraints of higher order moments. As in the case of classical
physics, it might lead to ill-posed problems and to delicate problems of moment realizabil-
ity [23]. Another interesting question which remains to be solved concerns the quantum evo-
lution: can we define an evolution for a quantum Liouville equation with a BGK-relaxation
operator based on the local equilibria defined in this paper, as for instance in [1] for other
relaxation operators? This issue is linked to the possibility of rigourously deriving the quan-
tum drift-diffusion model.
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2 Notations and Main Result

Let us describe the functional framework of this paper. The physical space that we consider
is monodimensional and bounded. The particles are supposed to be confined in the torus
[0, 1], i.e. with periodic boundary conditions. We consider the Hamiltonian

on the space L?(0, 1) of complex-valued functions, equipped with the domain
5 du du
D(H)=jueH0,1): u(0)=u(l), —0)=—(~1) ;.
dx dx

The domain of the associated quadratic form is

H),, ={ueH'(0,1):u0)=u(D}.

per

Its dual space will be denoted H[je'r Remark that one has the following identification:

Yu,v e H!

per?

du d d
WHu, VH) = (L2 WHul = |2
dx dx dx

(2.1)
L2

We shall denote by 7; the space of trace class operators on L2(0, 1) [29, 32] and by />
the space of Hilbert-Schmidt operators on L2(0, 1), which are both ideals of the space
L(L%(0, 1)) of bounded operators on L?(0, 1). We denote by K the space of compact oper-
ators on L2(0, 1).

A density operator is defined as a nonnegative trace class self-adjoint operator on
L?(0, 1). Let us define the following space:

E= {erl,Q:Q* and«/ﬁ|g|«/ﬁej,}.
This is a Banach space endowed with the norm

lolle = Trlo| + Tr(v/H|o|VH).

For any o € &, the associated density n[g] is formally defined by

nlo](x) = p(x, x),

where p is the integral kernel of o satisfying
I
Y00 0@ = [ sy
0
The density n[o] can be in fact identified by the following weak formulation:

1
VY& e L*(0,1), Tr(do) =/ ® (x)nlo](x)dx, 2.2)
0
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where, in the left-hand side, ® denotes the multiplication operator by ®, which belongs to
L(L?(0, 1)). If the spectral decomposition of g is written

0= pk (e, )2 b
k=1

then we have
2

> d
T VHloIVE = VAVl = Y o | | 2.3)
k=1 L?
w0l =Y pdte P, lnlell < 3 ol =Trlal 2.4)

k=1 k=1

Moreover, by the Cauchy-Schwarz inequality, n[o] belongs to W'!(0, 1) with periodic
boundary conditions, and we have

H dn[o]

172
| =2lelly (TrVHIQIWH) = Cllelle.

L!

The energy space will be the following closed convex subspace of £:
Er={cef:0=0}
On &, we define the following free energy:
F () =Tr(glog(o) — @) + Tr(v'HovH). 2.5)

We will see in Sect. 3 that F is well-defined and continuous on &.. If ¢ € &, then the
Cauchy-Schwarz inequality applied to (2.4) gives
2) 1/2

d o0
‘E\/n[g]‘ < (;pk

as
dx

Hence we have /n[go] € H;L,r and, using (2.3), we get
d 1/2
H L niel| = (tevHVE) ", 2.6)
dx 12

Recall also the following logarithmic Sobolev inequality for systems, proved in [14] and
adapted to bounded domains in [15]: for all ¢ € £, we have

Jog(4
0g(2 ™) Tro. 2.7)

1
Trglogg—i—Tr(«/ﬁQ\/ﬁ)z/ nlo]lognloldx +
0

This inequality, coupled to (2.6) which gives n[g]logn[g] € L'(0, 1), implies that Tr o log o
is bounded for all p € &,
Our main result is stated in the following theorem.
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Theorem 2.1 Consider a density n € H}m such that n > 0 on [0, 1]. Then the following
minimization problem with constraint:

min F (o) for o € £, such that n[p] =n, 2.8)

where F is defined by (2.5), is attained for a unique density operator o[n], which has the
following characterization. We have

o[n] =exp(—(H + A)), 2.9

where A belongs to the dual space H;elr of H; and the operator H + A is taken in the sense

of the associated quadratic form

er

do 2
Oalp, @)= Ir
X

5 + (A7 |(p|2)H;e1r’Hl B (210)

. per
From (2.9), it is possible to obtain a formula for A. Such formula is given in (5.50). The
following remark shows that the functional space H[;‘, for the quantum chemical potential
A(x) is optimal.
Remark 2.2 Foragiven A € H;elr, we prove further—see Sect. 5.2, Step 4 of the proof—that
the operator H + A(x) (in the sense of quadratic forms) is self-adjoint and has a compact
resolvent. Moreover, the associated quadratic form is a form-bounded perturbation of u
||u’||2Lz, so that H + A(x) can be diagonalized on L? and its k-th eigenvalue p, has an
asymptotic behaviour of the form Ck?. Therefore, the H' norm of the associated eigenvector
¢ is bounded by Ck. Consider now the operator o = exp(—(H + A)) and the associated
density n(x). By using the decay of the exponential, one can see that the series in (2.4) is
converging in H!. If we assume that A belongs to the Sobolev space H®, where —1 < s <
0, then by elliptic regularity one has ¢, € H**?, and the series (2.4) will converge in this
Sobolev space, so we deduce that n € H**2. Hence, if n belongs to H! but does not belong
to any H®, s > 1, then we have A € H;e'r and A cannot be more regular.
Remark 2.3 The two main limitations of this theorem, the strict positivity of n and the one-
dimensional setting, are not essential for the first part of the theorem, the existence and
uniqueness of the minimizer. This first result will be extended in a forthcoming work. How-
ever, these assumptions are essential in our proof of the second part of the theorem, the
characterization of the minimizer. Indeed, the strict positivity of n is crucial in Sect. 5.2,
Step 3, see e.g. (2.9) and the argument after (5.51). Moreover, the one-dimensional frame-
work implies by Sobolev embeddings that H; is a Banach algebra, which enables to define
the above quadratic form Q4 in (2.10).

er

Outline of the proof of Theorem 2.1. The existence of the minimizer o[n] of the constrained
problem (2.8) is obtained by proving that minimizing sequences are compact and that the
functional is lower semicontinuous. Compactness stems from uniform estimates that enable
to apply Lemma 3.1, whereas the lower semicontinuity comes from (3.2) in Lemma 3.1 and
from Lemma 3.3. The uniqueness of the minimizer is a consequence of the strict convexity
of the entropy (proved in Lemma 3.3).

In order to characterize the minimizer o[n] of (2.8), we need to write the Euler-Lagrange
equation for this minimization problem. This task is difficult because the constraint n[p] =n
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is not easy to handle when perturbing a density operator. We circumvent this difficulty by
defining a new minimization problem with penalization, whose minimizer o, will converge
to o[n]. Next, the Euler-Lagrange equation for the penalized problem reads

Vee(log(e:) + H + A;) /0.

From this equation, in order to prove that
0. =exp(—(H + A,)),

we show two important intermediate results, relying on the fact that o, is a minimizer and
on properties of the von Neumann entropy Tr(p log o — o). First, we prove that the kernel
of g, is reduced to {0}. Second, we prove that the family (¢}) of eigenfunctions of o,
which is a Hilbert basis of L?(0, 1), is in fact dense in H,'W. This enables to prove that
(¢},) is the complete family of eigenfunctions of H + A,, and to identify the associated
eigenvalues. Finally, using the two assumptions discussed in Remark 2.3, we are able to
prove that A, converges in the H;elr strong topology, which is sufficient to pass to the limit
as the penalization parameter ¢ goes to zero, and conclude the proof.

3 Basic Properties of the Energy Space and the Entropy

In this section, we prove a few basic results on the energy space £, that will be used in the
paper.

Lemma 3.1 Let (0r)ken be a bounded sequence of . Then, up to an extraction of a sub-
sequence, there exists o € £, such that

ok—>oind and Jor— JoinJ ask— +oo (3.1)
and
Tr(vVHovVH) < lkiminfTr(\/ﬁQk«/ﬁ). (3.2)
—+00

Furthermore, if one has
Tr(«/ﬁg«/ﬁ) = kEI-Poo Tr(x/ﬁgk«/ﬁ)
then one can conclude in addition that
VH or - VHJorin J» ask — 4oo. (3.3)

Proof Step 1: weak-* convergence in J,. First notice that the boundedness of g, in &,
implies by (2.3) that the operator VH, /ox is bounded in the Hilbert space .7,. Moreover,

since o and v H o~/ H are positive and bounded in 7;, we can extract subsequences such
that o, and /' H o~/ H converge in the 71 weak-* topology, that is, there exists two positive
trace class operators g, A such that, for all compact operator K € KC,

Tr(Kor) — Tr(Ko);  Tr(K~HovVH) — Tr(K A).
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By application of Proposition 3.12 of [5], we have
IAll 7, <liminf |VHoVH| 7, = liminf Tr(v HouvVH). (3.4)

Step 2: Identification of A. We show that A = /Ho+/H. Indeed, let K = (vVH +
D7'K'(VH + I)™" with K’ compact. Using the cyclicity of trace with the bounded op-
erators /o H and v/H /oy, we get

Tr(KvHoiv'H) = Tr(JorvHK N H Jor),
=Tr(JoauvHWH+1)"'K'WH +1)"'VH Jor)
= Tr(/orK'or) — Tr(JorK' (VH + D™ Jor)
—Tr(JorWH + DK’ \Jor)
+Tr(Jox(WH +1)"'K'WH + D" Jor)
=Tr(K'o) = Te(K'(VH + 1)) = Te(WH + D)7 K0
+Tro(VH + D' K'(VH+ Do)

Since g — o in the J; weak-s topology, and since (vVH + 1) "'K'(VH +1)"", K'(~H +
D', (WH+ID)™'K’ are compact operators, we have

Tr(K~HorvVH) — Tr(K'0) — To(K'(WH + 1)~ 0) = Te(WH + 1) 'K '0)
+T(WH+1)"'K'WH+1)""0)
=To(K'WH+D)"AVH+ D).

‘We thus obtain
WH+D'AWH+D'=o-WH+Do—oWH+ 1)
+(WH+DoWH+ D)™
and it follows that A = vHp~/H. In particular, (3.4) yields (3.2).

Step 3: weak convergence in J,. Let us prove now that g, converges weakly in Jj, that is,
for all bounded operator o € L(L?(0, 1)),

Tr(oox) — Tr(co).
‘We have
Tr(o o) = Tr(/oxo +/0k)
=Tr(JocWH + D(WH+ D' WH + D™ (VH + 1) Jor)
=Tr(WH+ D7 'o(VH+ D" (VH + Doy (VH + 1))

=Te(WH+ D "o WH+ D'VHuvVH) + Tt((WH + ) 'ogy)
+Tr(o(VH + D7) = Te(WH + D7 'o (VH + D7 'gp).
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Since (WH +1)7'o(WH + 17", (WH+1)"'o and o(vH + I)~" are compact, since
or — o0 and VHorvH — ~VHo~/H in J; weakly-*, we can pass to the limit in the latter
expression and obtain the weak convergence of oy.

Step 4: strong convergence in [J;. To obtain the strong convergence in 77, it suffices now to
apply a result of [32] that we recall here (specified to the case of J;).

Theorem 3.2 (Theorem 2.21 and addendum H of [32]) Suppose that A — A weakly in the
sense of operators and that ||A¢ll 7, = || All 7,. Then || Ay — All7, = O.

One can indeed apply this result since g; converges weakly in 7; to o (which implies the
weak operator convergence), with convergence of the respective norms:

lokllgy = Trox — Tro = lloll 4 -

This implies that the convergence of g4 in J; is strong and the first part of the lemma is
proved.

Step 5: strong convergence of /oy in J,. We have

lox — el a2y < llex —all ;-

Moreover, it is known that the norm convergence of g; > 0 to ¢ > 0 implies the norm
convergence of /o to /0 (see e.g. [29]). We claim that in fact we have

Vor = o in 7. (3.5)
To prove this fact, since 7, is a Hilbert space and since
lv/ox |If72 =Troy > Tro = IIQII§2,

it suffices to prove that ,/or — /0 in J> weak. Let o € J>. One can choose a regularizing
sequence oy with finite rank such that

oy —>oinJ, asn— +00. 3.6)
For all n, m € N, we have
I Tr(ox — Vool < ITr(Vor — Vo)ou| + | Tr(ox — /o) (o — ow)l
< IVex = Vel cazylowl s + (el 7 + Vel z)llow — ol 7,
< IWor = Vel cuxllonllz, + Cllow — ol 7,

which implies by (3.6) that Tr(,/ox — /@)o — 0 as n — +00. This means that ,/or — /0
in J, weak, which finally implies (3.5).

Step 6: strong convergence of ~H . /oy in J,. From now on, we assume that one has in
addition the following convergence:

IVH Joil%, = Te(v HoV'H) — Te(VHoV'H) = |VH /2%,
Consequently, if we prove that
VH Jor =~ vH o inJ weak,

this weak convergence in the Hilbert space 7, will be in fact a strong convergence.
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574 F. Méhats, O. Pinaud

To this aim, we consider o € J, and, for all € € (0, 1), we decompose
Tr(o v H. /o) = Tr(o (1 + ev/H)'VH Jor) + Tr(o (1 — (1 + e/ H)")WH Jor)
=Tr(ov/H /o) + Tr(o.v/H (/o — 1/2))
+ Tt (0. — 0)vV'H . /0) + Tr((6 — 0.)v' H /or)

with o, = o(1 + e+/H)~". For all £ > 0, the operator (1 + e+/H) '/H is bounded on
L%(0, 1), s0 o,V H belongs to 7, and the previous step implies that

Jim Tr(o:v'H (o = v0)) =0.
Now we write
|Tr((0. — 0)VH /@) + Tr((0 — 0:)v H /20|
< llo —oell o (IVH Jeill 7, + IVH Vel 7,)

=Cllo —ocllg,-
Therefore, if we prove that o, converges to o in [/, as ¢ — 0, we will have
Tr(ov H./ox) = Tr(c vV H. /o) ask— 400

and the proof of the lemma will be complete.
Introduce the eigenfunctions and eigenvalues (e, jt),) pen+ Of the operator H, which has
a compact resolvent. We have

o0 o0
1
2 _ 2 _ 2
o:|%. = o€ = loe,ll
lloell, pE_l llozeplla pE_l RN 72

which converges to ||o ||:2'72 as & — 0 by comparison theorem. Similarly, for all ¢ € L2(0, 1),

we deduce from the convergence in L? of the series »Ppeps where ¢, = fol px)e,(x)dx,
that

(o)

1
(I+evH) o= ———
€ 4 pZ:;l""?«/M_P

Therefore, o, and o} = (1 + evH) 'o converge strongly to o as ¢ — 0 and one can apply
Griilmm’s convergence theorem (see [32], Theorem 2.19), which proves the convergence of
o, to o in J,. The proof of Lemma 3.1 is complete. |

Yyep — @ in L*0,1) ase— 0.

Lemma 3.3 The application o — Tr(ologo — 0) possesses the following properties.

(1) There exists a constant C > 0 such that, for all ¢ € £, we have
Tr(ologo — 0) > —C(Trv/HovH) . 3.7)
(ii) Let oy be a bounded sequence of £, such that o converges to o in Jy, then g log o —

ok converges to plogo — o in J,.
(i) The application o — Tr(pologo — o) is strictly convex on &, .
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Proof Step 1: proof of the inequality (3.7). We shall use the following inequality, deduced
from Lemma A.l which is proven in the Appendix: there exists C > O such that, for all
Q€ €+’

Y p*alol <CTevHoVH, (3.8)
p>1

where we have denoted by (A,[¢]),>1 the nonincreasing sequence of nonzero eigenvalues
of o (this sequence is finite or infinite). The function s > B(s) = slogs — s is negative on
[0, e] and positive increasing on [e, +00). Let

|slogs — s|

Ci= sup ————— < +o0.
s€[0,e] Vs

Let ¢ € &, and denote by (A,[0]) > p, the eigenvalues of ¢ that belong to the interval (0, e].
We have

~TrB@) < ) 1BO,leDI < C1 Y Vilel

pP>po P>po
1/2 ] 1/2
< (Z p%[@]) (Z —2>
P>Po P>po p

<& . 12
_«/%(T VHovH)",

which proves (3.7).

Step 2: proof of (ii). Consider a sequence g, bounded in £, such that g, — o in 7. Let
M = sup; ||okll 212y < +00. There exists a constant Cy; > 0 such that

Vs € [0, M], |slogs —s| < Cys¥/*.

Thus, for all ¢ > 0, denoting again B(s) = slogs — s, we get

D 1BOSla = Cn Y Gplal? =g YT Gpla'

Aplokl=e Aplokl=e Aplokl=<e
12 . 12
< Cye'* (Z Pz)\p[Qk]) (Z —2>
p=1 p=1 P

< C81/4(Tr«/ﬁgk\/ﬁ)l/2 < Cel/4,

where C is independent of k and where we used (3.8). The same inequality holds for the
limit o. Let ¢ > 0 and let us decompose

B(s) = Pi1(s) + fa(s) = (BLs<e)(s) + (BLye)(s).

For all ¢, one has

Tr|B(ox) — B(0)| < Tr|Bi(ox)| + Tr|Bi(o)| + Tr|B2(or) — B2(0)]
< Ce'* +Tr|Ba(0r) — Ba(0)l,
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576 F. Méhats, O. Pinaud

so that the result is proved if we show that 8,(o;) converges to 8,(0) strongly in J;. Ac-
cording to Theorem 3.2, it is enough to prove that 8,(ox) converges weakly to 8,(o) in J;
and that || 8, (o) ll.7, — 11B2(0) |l 7, to obtain the strong convergence in 7;. We prove first the
weak convergence. To this aim, we choose ¢ such that A ,[o] # ¢ for all p € N* and denote

N =max{p:A,lo] > ¢}.
According to Lemma A.2, we have
Aplodl = Aplel. Vp =1, (3.9)
and we can choose k large enough so that we have
Aplok]l > e forallp<N and A,[ok] <& forall p> N.

Besides, following again Lemma A.2, we choose some eigenbasis (¢>f,) pens and (@) penx
of o, and p, respectively, such that

VpeN*, lim [|¢f —¢,l2 =0. (3.10)
k—o00

Then, the actions of 8,(0x) and B(0) on any ¢ € L?(0, 1) read

N N
Brlee =Y BOa)(@r. 08k Br@e =Y B, [eD(@). 9)0).

p=1 p=1

where (-, -) denotes the L?(0, 1) scalar product (taken linear with respect to its second vari-
able and anti-linear with respect to its first variable). Therefore, for any bounded operator B,

N N
Tr(Ba(e)B) = Y Byl (@h. BoS) — Y~ B(h,[o)(@,. Bé,) =Tr(Ba(0) B).

p=l p=l

thanks to (3.9), (3.10) and the continuity of the function 8. This proves the weak conver-
gence of B,(oy) in J,. Regarding the convergence of the norm, we have directly

N N
1820011, = D 1BC, LDl — 3 1BGleDI = 15200
p=1 p=1

and item (ii) is proved.

Step 3: proof of the strict convexity (iii). We recall first the Peierls inequality [32]: let (u;);>;
be an orthonormal basis of L2(0, 1), whose scalar product is denoted by (-, -); then, setting
B(s) =slogs — s, we have

> Bui, 0un) < Tr(B(0)). G.1D)

i>1

Indeed, denoting by (%;, ¢;);>1 the spectral elements of o € £, we have

(i, B@u) =Y BONI(@j, u)l.

j=1
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Since Y =1 [(&;, u;)|? =1, it follows from the Jensen inequality that
Bl(ui, 0u;) = ﬂ(Zm(qb,-, ui>|2> <D BONI@;, u)l.
j=1 j=1

Summing up the latter relation with respect to i and using the relation ), [(¢;, u;) =1,
the Peierls inequality (3.11) follows. -

Consider now g1, 0, in &; such that o; # 0,. Let t € (0, 1) and denote by (i;, ¥;);en
the spectral elements of the operator #0; + (1 — #)0,. Then

Tr(B(to1 + (1 —1)0)) = Y Bu) =Y _ B((Wi. (ta1 + (1 — De2)¥n)).

i>1 i>1

There exists at least one index iy such that (y;,, 01Vi,) # (¥iy, 02i,). Indeed, if not, we
would have o = g, since (¥;);en+ is an orthonormal basis of L%(0, 1). Since 8 is strictly
convex, it thus comes,

D OB 019 + (1= D, 0290)) < Y _ItB(Wi 0190)) + (1 = HB((Wi, 02 ¥i)]-

i>1 i>1

Using the Peierls inequality (3.11) to control the right hand side, it comes finally

Tr(B(tor + (1 —1)02)) <t Tr(B(e1) + (1 — 1) Tr(B(2)),

which yields the strict convexity of the functional. O

4 Existence and Uniqueness of the Minimizer

In this section, we prove the first part of our main Theorem 2.1. More precisely, we prove
the following proposition.

Proposition 4.1 Consider a density n(x) such that n > 0 on [0, 1] and n € Hll;er' Then the
minimization problem with constraint
min F (o) for o € &, such that n[p] = n, 4.1)

where F is defined by (2.5), is attained for a unique density operator o[n].

Proof We denote
A ={o € &, such that n[p] =n}.

Step 1: A is not empty. We start with a simple, but fundamental remark: thanks to our as-
sumption on the density n(x), the set A is not empty. Indeed, let ¢ := ||n ||le/ zﬁ and com-
plete ¢; to an orthonormal basis (¢;);>; of L?(0, 1). The function n belongs to H]',e,. Hence,
by Sobolev embedding in dimension one, n is continuous and, from n > 0, we deduce that

n(x) >minn >0
[0,1]
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and then /1 € Hzl> For all ¥ € L?(0, 1), consider the density operator v defined by

er*®

vy = /n(/n, ¥), 4.2)
we find

Tr(VHVWH) = IVHVIS, =) (VH v VHVV)

i>1

2
dx < 00,

=<ﬁﬁ,ﬁﬁ>=/o"£ﬁ

1
Tr(®v) = / n(x)®(x)dx V®eL*(0,]1),
0

so, by the characterization (2.2), v belongs to A.
Step 2: F is bounded from below on A. From (2.7), we deduce that, for all o € A,

1 1
F(0) z/ n(x) logn(x)dx + (k’g(;”) - 1)/ n(x)dx > —oo, (43)
0 0

since by Sobolev embedding »n is bounded. Therefore, one can consider a minimizing se-
quence (0x)ken for (4.1), i.e. a sequence i € A such that

lim F(o;) = inf F(o) > —o0.
k——+o0 oceA

Step 3: uniform bound in £. Let us prove that (ox)ken is @ bounded sequence of £,. Since
ok € A, we already have

1
lowll s, = Trox = / n(0)dx < 400,
0

Moreover, since the density operator v defined by (4.2) belongs to A, we have, for k large
enough,

Tr(exlogox — 0x) + Tr(v'Horv'H) = F(oe) < F(v) + 1 < +00.
Hence, using the inequality (3.7), we obtain
—C(TevHouvVH)"? + Te(WHovVH) < F(v) + 1 < +00,

thus
sup Tr(«/ﬁgk\/ﬁ) < 400.

keN

Step 4: convergence to the minimizer. Since (0r)ren 1S @ bounded sequence of £, one can
apply Lemma 3.1 to deduce that, after extraction of a subsequence, we have

or—>eoinJ; ask— +oo “4.4)

and

Tr(WHovVH) < lim +infTr(«/ﬁgk«/ﬁ). 4.5)
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Next, by (4.4) and Lemma 3.3(ii), we get
Tr(oxlogox — 0x) — Tr(elogo — @) ask — +oo,
which yields, with (4.5),

F (o) <liminf F(g;) = inf F (o). 4.6)
k—+o00 oeA

Let ® € L*°(0, 1) and denote also by & the bounded multiplication operator by ®. Since oy
converges to o in J;, we have

1
/ D (x)n(x)dx =Tr(Poy) — Tr(dg) as k — +oo,
0

thus, from the characterization (2.2), we deduce that n[p] = n, which means that o € A.
This enables finally to conclude from (4.6) that, in fact, we have the equality

F(g) = inf F(0) =minF (o).

The uniqueness of the minimizer is a consequence of the strict convexity of F, see Item (iii)
of Lemma 3.3. 0

5 Characterization of the Minimizer

This section is devoted to the second part of our main Theorem 2.1, the characterization of
the minimizer. As we explained at the end of Sect. 2, we need to define a penalized version
of our minimization problem.

5.1 A Penalized Minimization Problem

Consider a density n(x) such thatn > 0 on [0, 1] and n € Hll, For all ¢ € (0, 1] we define

the penalized free energy functional, for all o € £

er”®

1
F.(0) =Tr(ologo — 0) + Tr(vHovVH) + o5 Inlel = nllz..

Proposition 5.1 Let ¢ € (0, 1) and let n € H}m such that n > 0 on [0, 1]. The minimization
problem without constraint

min F, (o) (5.1
0€EL

where F, is defined above, is attained for a unique density operator o.[n], which has the
following characterization: we have

o:[n] =exp(—(H + A,)), (5.2)

where A, € H!

per*
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Proof Since the entropy functional Tr(p log o — o) is not differentiable on £, , we regularize
it. For all n € [0, 1] and s € R, we define the regularized entropy

By(s) = (s +m)log(s +n) —s —nlogn,
and the associated free energy functional, for all o € £;:
1
Fen(@) =Tr(B,(0) + Tr(v Hov/H) + ——linle] = nl.
Notice that ,3,/7 (s) =log(s + 1), B,(0) =0, and that B, is strictly convex on R and holo-

morphic on (—7n, 00) x R for the convenient branch.

Step 1: minimization of F; ;. In this step, we prove that for all 5 € [0, 1], the problem
min Fe.,(e) (5.3)

admits a unique minimizer o, ,. Notice that for n = 0, this problem is nothing but (5.1): in
the statement of the proposition, we have denoted shortly o, = o o.
By (2.6) and a Sobolev embedding in dimension one, we have

Inlollle < CTro+ C Te(vHovH),

so the functional F is well-defined on £, for all n € [0, 1] and ¢ € (0, 1]. We will need the
following technical lemma on the function g,,.

Lemma 5.2 The application ¢ — B, (0) possesses the following properties.

(i) There exists a constant C > 0 such that, for all o € £, and for all n € [0, 1], we have
TrB,(0) > —C(Trv/HovH)'". (5.4)

(ii) Let o be a bounded sequence of £, such that o converges to o in [Jy, then for all
n €10, 11, B, (o) converges to B,(0) in J,.

(iii) For all n € [0, 1], the application o — Tr B, (o) is strictly convex on &,.

(iv) Consider a sequence @, bounded in £, such that ¢, — ¢ in J; as n — 0. Then
Tr B,(0,) converges to Tr By(0) as n — 0.

Proof of the lemma 1t is not difficult to adapt the proof of Lemma 3.3 in order to show
Items (i), (ii), (iii). We shall only prove Item (iv), proceeding similarly to Step 2 of
Lemma 3.3. We first notice that the function g, converges to Sy uniformly on all [0, M],
M > 0, and that one has

Vs € [07 M]7 |:317(S)| < CM\/E7

with Cy independent of 7. Let M = sup, |lo,ll o2y < +00. For all N € N*, by using the
inequality (3.8), we get

C ()
BZN 1B, (plonD] < CMI;V\/AP[QU < T%(Trﬁgnﬁ)l/z < T%
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where we used the fact that (g;) is a bounded sequence of £, and where A ,[0,] denotes the
p-th nonzero eigenvalue of o. Hence, decomposing

| TrB,(0) — TrBo(@)| < Y 1By (hpleg]) — BoGrplaD)]

p<N
+ ) 1B, OpleaD I+ Y 1Bo(hple])l.
p=N p>N

one deduces from the uniform convergence of §, to By and from
[Aplon] — Aploll < lloy —ollp2y < oy —ellyy, Vp=1
(see the proof of Lemma A.2 in the Appendix) that
|Tr B,(0y) — Tr fo(@)| — 0 as 0.

The proof of Lemma 5.2 is complete. a

Let us now study the minimization problem (5.3), for fixed n € [0, 1]. For all p € £, we
deduce from (5.4) that

1 1
F.,(0) > —C(Trv/HovH)"? + Tr(VHovVH) + 2 Inlellz: = 5-lnllz.

where we used (¢ — b)? > %az — b2. From this inequality, we deduce two facts. First, that
inf,ee, Fpn(0) > —00. Second, that any minimizing sequence oy is bounded in £,. Indeed,
we have

1
Fe(00) < Fe y(0) = Znnniz,

thus

172 1
—C(TtvVHovVH)"? + T'(VHoVH) + 2 Suplnlodll,
k

1 2 1 2
< Sl;p Feq(or) + % Inll;. < gllnlle-
This implies that, for all k,
Trow +Trv/HovVH < C, (5.5)

where C, is a positive constant independent of k and n. Hence, according to Lemma 3.1,
one can extract a subsequence still denoted g, such that the convergences

or—oinJ,, Tr(WHovH)< 1kim+infTr(«/ﬁQk\/ﬁ) (5.6)
— 400
hold true as k — 4o00. By Lemma 5.2(ii), we have
Tr B, (ex) — Tr B, (0). (5.7
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Let us now prove that n[g;] converges to n[g] in L*>(0, 1), which implies in particular
that

Infox] —nl2, — lInlo] = nll2. (5.8)
‘We have

1
d
I/nle I 2/ nlo](x)dx + H ToVnled
0

where we used (2.6). Therefore, the sequence (/[0 ken is bounded in H!(0, 1), and by

Sobolev embedding one can extract a subsequence such that /n[o] converges to a function

£ €C%([0, 1]) in the L>(0, 1) topology. This implies that n[g;] converges to f2 in L>.
Moreover, for all ® € L*°(0, 1), we know from (5.6) that

2
<Trox +TrvHorvV H < +00,
2

L

1 1
f nlor]®dx =Trop® — Trod = / nlo]®dx,
0 0

which means that n[o,] converges weakly to n[g] in L'(0, 1). This enables to identify the
limit: we have in fact f? = n[o].
Finally, (5.6), (5.7) and (5.8) yield

F; (o) <liminf F, ,(0x) = ingf F; (o),
o€l
S0 o € &, is a minimizer of (5.3). Furthermore, one remarks that the application o — n[g]
is linear, so the application
o> lInlox] —nll,

is convex, and it can be deduced from Lemma 5.2(iii) that F is strictly convex: the min-
imizer o, ,[n] is unique. In the sequel of this proof, n being fixed, we denote shortly o, ,
instead of o, ,[n]. Notice that, from (5.5), one gets an estimate independent of the parameter
n € [0, 1]: for all ¢ € (0, 1], one has

sup Tro,, + sup Trv Ho, ,vVH < +00. (5.9)
nel0,1] nel0,1]

Step 2: differentiation of F] for n > 0. We will use the following lemma, whose proof is in
the Appendix.

Lemma 5.3 Letn € (0, 1]. Let ¢ € &, and let w be a trace-class self-adjoint operator. Then,
the Gdteaux derivative of the application

o F,(0) =TrB,(0)

at o in the direction w is well-defined and we have
DF,(0)(@) = Te(B)(0)w).
Let  be a bounded Hermitian operator. For ¢ € £, consider the operator ¢ +1.,/0 /0.

Assume that ¢ € [—1y, to], with O < #o||/2|| < 1. For such values of ¢ and for all ¢ € L*(0, 1),
we have

(09, 9) +1(\/oh o, ) = I/29ll}1 g, + 1 (h /09, Jop).
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> 11291122, (1= Itll1A]).
> 0.

Therefore ¢ +1,/0 h,/@ is nonnegative, self-adjoint and belongs to £, since

|Te(vH JohyovVH)| < IMIVH V2%, = 1hI Te(VHeVH) < .
Moreover, we have the following estimates:

Ivehly, < lIklPlells. — IVH eI, < k> Tr(v HovVH),

Tr(Jelhlve) < liklllelsn.  Tr(vH/elhlJovH) < ||| Tr(v Hov H).
Therefore, by linearity, the following equality holds in WL1(0, 1) c L>(0, 1) ¢ L?(0, 1):

per

nlo +t/oh\/ol =nlol + tn[/oh/0],

which yields, for all ¢ # 0;

Inlo +t/eh /el —nll;, — Inlo]l = nll;,
2t

1
= / nly/eh/ol(x)(nle] —n)(x)dx + O().
0

(5.10)
From Lemma 5.3 and from (5.10), one deduces the following expression for the Gateaux
derivative of F, , in the direction w = /0, , h./0¢

llm Fe,n(Qs,r] + t«/QS,nh/\/ Qs,r]) - Fs,n(@s,n)

t—0 t
= Tr(B,(Qe.n)v/Cemh/Cey) + Tr(V H \/Ge yh /Oy VH) + Tr(Ac y \/Oenh o /Cey)
=Tr(\/@ey (By(Qe) + H + Ac.y) /@erh). (5.11)

where we used the cyclicity of the trace and where we have denoted

1
Acn () = 2 (l0e.p] = 1) (x). (5.12)

Note that A, , denotes here, with an abuse of notation, either the L* function A, ,, or the
operator of multiplication by A, , which is a bounded operator. Indeed, A, , belongs to
Hllm. C L* since n € H}w according to the hypotheses and since ¢, , € £4.

Now, we have the tools to conclude: since g, , is the minimizer of (5.3) and since o, , +
1/0enh./0c belongs to £, for ¢ small enough, the Géteaux derivative (5.11) vanishes and

for all h € L(L?), self-adjoint, for all n € (0, 1], we have

TI'(,\/ Qe,n(ﬂ% (Qe,n) +H+ Ae,n)\/ Qs.nh) =0. (513)

Step 3: convergence of 0., as n — 0. From the estimate (5.9) and from Lemma 3.1, one
deduces that there exists g € £, (dependent of ¢) such that, as n — 0+,

0en—0ing and Tr(vVHGVH) < lim(i)nfTr(«/Egm\/ﬁ). (5.14)
n—0+
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Then, from Lemma 5.2(iv), one deduces that
%ii%ﬂn(gs,n) = o(0). (5.15)

Moreover, one can deduce from (5.14) and from Sobolev embeddings in dimension one,
exactly as to prove (5.8), that

Inley] = nli7> — lIn[e] = nl
as n — 0. Together with (5.14) and (5.15), this leads to
Fo0(©@) < lim F;,(0e.,)- (5.16)
n—0+
Moreover, by definition of ¢, ¢ and o, , as minimizers of F, o and F ,, one has
Fe0(0c,0) < ngo(’é) and Fs.n(Qs,n) = Fs,n(@s.o)-

Applying Lemma 5.2(iv), one gets

lim Fs,ﬂ(@s,o) = FS,O(Q5,0)5

n—0+
and finally all these limits are equal, since

FE,O(Q&‘,O) =< FE,O(E) =< hm F&,n(gs,n) =< 111’11 FE,I’](QE,O) = Fs.O(Qs,O)~
n—0+ n—0+

Hence, by uniqueness of the minimizer, we have ¢ = o, ¢. Moreover, we deduce also from
FE,O(QS,O) = limna0+ Fe,n(Qe,n) that

Tr(\/ﬁQa,O«/ﬁ) = nlir(r)lJr Tr(x/ﬁgg,n\/ﬁ).

Hence, by applying the second part of Lemma 3.1 we get finally
Osp = 0s0inJy  and VH, [0ey —> VH, /0:0in J, asn— 0. (5.17)

Now we have the tools to pass to the limit in (5.13) as n — 0+. First, let us prove that,
for all bounded operator #,

}]1_% Tr(B, (0c.n)0e.nh) = Tr(B(0¢.0)0¢.0h)- (5.18)
To this aim, we introduce a parameter ¥ > 0 and decompose
Tr(B,(0e.n)0e.nh) = Tr(Ly, = By (Ce.n)0c.nh) + Tr(Ly, , <ic By (0c.0) e ). (5.19)
Since ﬂ,;(s) =log(s + n), on all interval [x, M] with 0 < x < M, one has

lim max |(s) = fy(s)| =0 and |5, (s) = s(s)| < Cs.

n—>0selk,M

The first term in this decomposition (5.19) can thus be uniformly approximated, for M large
enough:

| Tr(lgg_nsz ﬁy/l (Qe.n)Qe,r)h) - Tr(llg,,_ozxﬁé(@s,o)Qs,oh)|
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< loenllz Il Jmax 1B, (s) — Bo ()| + Cellee.; — 0e0ll 7 1Al

and converges to 0 as n — 0 (for all fixed « > 0). Consider now the second term in the
right-hand side of (5.19). We have a uniform bound s'/*8) (s) < R for s € (0, M], so

Tr(LL,, , < B (Qen)Qenh) < RIBNT,, < (@en)”* 5,
< CRIIAlI"® > ()Y
AP<K
1 1/4
<CRIAI"*> =]
p=1 p

where we used again the bound (3.8) for the eigenvalues A, of g, ,, together with the esti-
mate (5.9). Hence

lim sup |Tr(]]-gg_,7<;(ﬂ:7 (Qe,n)Qs,nh)| =0.
k—0 7€(0,1]

This ends the proof of (5.18).
Second, by (2.6) and by Sobolev embedding, we have

Aes(®) = =000y = M) = Aco) =~ (a0l = m)(0)
in the L*>°(0, 1) topology. Hence, the corresponding multiplication operators satisfy
Aep— Ao in L(L*(0, 1))
and the convergence of /0. in J; yields
'lyi_I)’I(l) Tr(/0e,nAena/Cenh) = Tr(\/0e.0As,04/05,0h)- (5.20)
Third, the convergence of v/ H /ey In T yields
Jim Tt( /0oy HVH Joyh) = Tr(/oeovV HY H \Joroh). (5.21)

Finally, one can pass to the limit in (5.13) and (5.18), (5.20), (5.21) give, for all h € £L(L?)
self-adjoint,

Tr(y/o.(log(o.) + H + A.)/o.h) =0,

where we have denoted o, = 0.0 and A, = A, . This means that

Jo:(log(o.) + H + A.)/o: =0. (5.22)

Step 4: the kernel of o, is {0}. In this step, we will prove that, for all ¢ € (0, 1], the kernel of
the minimizer o, of F; is {0}.

Let us prove this result by contradiction. Assume that the kernel of g, is not {0} and pick
a basis function ¢ € Ker o,. We first complete ¢ into an orthonormal basis {¢, (¥,) s} of
Ker g, (1 may be empty, finite or infinite). Then, we denote by (A,)i<,<y the nonincreasing
sequence of nonzero eigenvalues of o, (here N is finite or not), associated to the orthonormal
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family of eigenfunctions (¢,)1<,<y. We thus obtain a Hilbert basis {¢, (V) per, () 1<p<n}
of L2(0, 1). Since it is not clear whether ¢ belongs to H!, , let us regularize it by setting

per?
¢*=(1+avH) ¢,
where « > 0 is a small parameter. We have ¢* € H;lw and, as in the proof of Lemma 3.1,
fi > o
in L2(0, 1). We simply fix a > 0 such that |[(¢%, ¢)| > 1/2. Denote by P% the orthogonal
projection

P9 :=¢%(¢", ¢), VoeL*0,1),

and consider the positive operator o(t) = g, + ¢t P® for t > 0. From ¢* € H! . we deduce

per?

that the operator P* belongs to £, . We shall prove that there exists # > 0 such that

Fe(e(1) < Fe(ee)s (5.23)

which is a contradiction.

Let n > 0 and denote as before S(s) = slogs — s and B,(s) = (s + n)log(s + 1) —s —
nlog n. From the min-max principle and from the positivity of the operator P, one deduces
that

VpeN',  A,(e®)=2py(0e),

where A, (-) denotes the p-th eigenvalue of the operator. Hence, we have

Aple(®)

B0 (1)) — B0 () = [ log(s)ds

Ap(0e)

)Lp(Q(t))
< / log(s + n)ds
Ap(oe)

= By (Ap(0(1))) — By (A (0e)),
which implies
Tr(B(o(1))) — Tr(B(e:)) = Tr(B,(0(1))) — Tr(B,(0:))
and then
Fe(0(1)) — Fe(0:) < Fey(0(1)) — Fe y(0e).

Therefore, to prove (5.23), it suffices to find > 0 and ¢ > 0 such that

Fen(0(1) < Fey(00)- (5.24)

Since P“ belongs to £, and by Lemma 5.3, for all > 0 one can differentiate F, , at o, in
the direction P* and one has

]1m Fs,n(Q(t)) - Fe.n(Qa)

lim . = Tr(log(0. + 1) P%) + Tr(v'H P*~/H) + Tr(A, P%).
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One has

N

Tr(log(o: +n)P*) = |(¢*, $)*logn + Y _ 1($*, ¢,)*log(r, +n)
p=1

+ ) 1@, ¥p) P logn,

pel

hence, by using |(¢*, ¢)| > 1/2, one obtains for 0 <n < 1/2

o 1 L o 2 1
Tr(log(o. +m P) < 7 logn+ Y 19", ¢,)Plog( 1, + 5 ).

p=1

where pg has been chosen such that A, < 1/2 for p > p,. Therefore, there exists a constant
C.. independent of n (but depending on € and «) such that

F.,(0(t)) = F, !
]111’(1) s,r)(g( ))t S'W(Qg) < Z]Og’]'i'csﬂ'
t—

To conclude, it suffices to choose n small enough such that % logn + C. o < 0. Then one has

]. Fs,n(Q(t))_Fg,n(Qs)
tl—r>r(1) 1 =

03
and for ¢ small enough one has (5.24), which leads to a contradiction. This ends the proof
of the claim.

Step 5: identification of o.. Notice that, since A, € H[',e, C L*°(0, 1), the operator Hy :=

H + A, with domain D(H) is bounded from below and has a compact resolvent. Denote
by (A5, ¢3,) pen+ the eigenvalues and eigenfunctions of .. From the previous step, we know
that, for all p, we have A; > (. Moreover, (¢;) pen+ 18 a Hilbert basis of L?(0, 1). We will
prove in this step that (¢},) pen+ is a complete family of eigenfunctions of H, associated to
the eigenvalues —log 7.

Apply (5.22) to ¢7,. Since from Step 4 we know that 17, > 0, we obtain

J@:(log(5) + H + A, =0.

Remark that, since v H /¢ 1s bounded (with adjoint operator /o, ' H), we know that ®,
belongs to H! . Taking the L? scalar product of the above equation with ¢, leads to

per*

0= (J2: (log(A5) + H + A)¢’. %)
= [ 10800800 + (VONHVHS,, ¢5) + (Vor Aciy, )
= /2 10g(A5)8 g + (VH®,. v H \J0:0]) + (Act'. /0rdl)
= /2 (log(A5)8, + (VHE, NHE) + (Acds, ¢9)).
Hence, for all p, g € N*,

(VH@: NHEE) + (Acty, ¢5) = —10g(15)8 5. (5.25)
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The family (¢},) en+ is thus an orthogonal family for the following sesquilinear form asso-
ciated to Hy:

04, v) = (W Hu, vVHv) + (Acu, v).

Note that, since A, € L*, there exists two constants m, M > 0 such that
Yu € H! L, < (u, u) 2, < M|ul? (5.26)
ue per? M”u”Hl = QA u,u +m||u||L2 = ”u”Hl .

Let us now prove that this family ((b;) pen+ 1s dense in H;L,r. Let ¢ € H}w. We already
know that the following series:

N
oy =) (45 0)¢,

p=1

converges in L%(0, 1) to ¢ as N — ~+oo. We will prove that in fact this series converges in
H! which, by (5.26), is equivalent to saying that

Qa9 9)= lim_Qu(. ¢). (5:27)

Again, the key argument of the proof will be the fact that g, is the minimizer of F,: for all
t > 0, we have

OSFS(Q&‘J’_ZP)_FS(QS) (528)

where P denotes the orthogonal projection on ¢:
Pu:=¢(p,u), YuelL?O,1).

Indeed, ¢ € HIIW implies that P € £, thus g(¢) := o, + ¢ P belongs to &, for all # > 0. Now,
as in the previous Step 4, one can prove that, for all n > 0, we have

OSFs(@a"‘tp)_Fs(Qs)SFs,n(Qs+tP)_Fs,r7(Qa)

and

li Fs.n(Qe+tP)_Fs,n(Qe)
m

lim . = Tr(log(gs + 1) P) + Tr(+v/H PN/H) + Tr(A, P)

= Y (¢, 85 log(X, + ) + Qa(e. §).

peN*

Therefore, for all n > 0, one has

— 3" 1.9 Plog(, + ) < Q. §). (5.29)

peN*
Let N € N* large enough, such that log(A%,) < 0. For > 0 small enough, one has

Vp=N, log(x,+n) =<0,
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thus (5.29) yields

N
= 18, ¢5)Plog(hs, + ) < Qa($. ).

p=1

Since we know that A7, > 0 for all p, one can pass to the limit in this inequality as n — 0:

N
= 1. 451 loghl, < Qa(e. §).

p=1

Remarking that, by the orthogonality property (5.25), one has

N
Qaldy, ¢n) ==Y _|(®, ¢5)*log i,

p=1
this inequality reads

Qa(dn. dn) = Qa(9, 9). (5.30)

In particular, this means that (¢y) is a bounded sequence of HIII thus converges weakly to

er?

¢ in H' as N — +oo. From the equivalence of norms (5.26), we then deduce that

Qa(p,9) < }\illilingA(¢N7 o).

Together with (5.30), we get (5.27) and our claim is proved: ¢y converges to ¢ in the H!
strong topology and the family (¢7,) pen- is dense in H;er.

This enables to conclude the proof. Indeed, this density property implies that (5.25) is
equivalent to

Vo eH,,,. (VH¢. VHe) + (Acg. ) = —(@5. p)log S, (5.31)

er’

This means that (¢;) pen+ 1s a complete family of eigenfunctions of H, (still identified with
the associated quadratic form) and that the associated eigenvalues of H4 are —loga’. In
other words, we have

Q. =exp(—H,)
in the sense of functional calculus. The proof of Proposition 5.1 is complete. ]

5.2 Passing to the Limit

In this subsection, we terminate the proof of our main Theorem 2.1. Let n(x) such that n > 0
on [0,1] and \/n € H,', By a Sobolev embedding in dimension one, /7 is continuous on
[0, 1], so that we have

0 <m:= min n(x). (5.32)
x€el0,1]

Propositions 4.1 and 5.1 define the unique minimizers o[n] and o.[n]—shortly denoted
o and . here—of the minimization problems (4.1) and (5.1). Moreover, o, takes the
form (5.2), with

er’

1 & 1
A, =—-(n —n)er
e
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where we have denoted n, := n[o.]. Let us study successively the limits of o., n, and A, as
e — 0.

Step 1: convergence of o.. Recall that, for all 0 € £, , we have
1 2
Fe(o)=F(o)+ 2—||n[0] —nlly2
&
and that n[o] = n. Hence, by definition of ., we have
1
F(0) = Fe(0) = Tr(os logo: — 00) + Trv/Hoe'H + —[Inloc] = nl7

= F.(0) =F(o). (5.33)

Therefore, one deduces from the estimate (3.7) that Tr~/H 0,~/H is bounded independently
of & and that n[g,] converges to n in L2(0, 1). In particular, by Cauchy-Schwarz, we obtain

1
| Tro. — Tro| = ‘/ (nlo:] —n)(x)dx| < |Inlos] —nll;2—> 0 ase— 0.
0

The family o, is thus bounded in £, independently of € and then, by Lemma 3.1, there exists
0 € &, such that

0. —>0inJ and Tr(WHOVH) < limi(%lfTr(x/ﬁQg«/ﬁ). (5.34)
Therefore, by Lemma 3.3(ii), by the expression (2.5) of F and by (5.33), one gets
F(o) = liminf F(¢.) =< F(0)- (5.35)
e—

Furthermore, we have n[g] = n. Indeed, the strong 7; convergence of o, implies the weak
J, convergence, thus

1 1
Vo € L*(0, 1), / nle:1(x)¢(x)dx = Tr(:¢) — Tr(0yp) 2/ n[ol(X)p(x)dx
0 0

and we already know that n[g,] converges to n in L*(0, 1), so

1 1
Vo € L7(0, 1), /O H[E](X)w(X)dx:/O n(x)g(x)dx

and then n[g] =n.
Finally, ¢ is a minimizer of (4.1) and the uniqueness of this minimizer proved in Propo-
sition 4.1 yields ¢ = ¢. Moreover, one has F(g.) — F(0), so
lim Tr(VHoNH) = lim F (o) — lim Tr(o. log 0 — @¢)
£—> £— &£—>
= F(0) — Tr(ologg — @) = Tr(v'HovV'H).

The second part of Lemma 3.1 can thus be applied and one has finally

0. —oing, and ~Ho,—vHJoing, ase— 0. (5.36)
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Notice that, from Lemma 3.1, we also have
0. — JoinJ, ase—0. (5.37)
Step 2: convergence of n. := n[o.]. In this step, we will prove that

lirr(l) lne —nllym =0. (5.38)
e—>

From the previous step, we know that o, — ¢ in J;. According to Lemma A.2, for the
sequel of the proof, let us choose some eigenbasis (#}) pen and (¢,) pen+, respectively of
0. and o and such that

VpeN', lim g} —d,ll,2 =0. (5.39)

We claim that
VpeN'  lim V2 — vad,l2 =0, (5.40)
and  lim [|V'H /2., = VH /o, .12 =0. (5.41)

Indeed, to prove (5.40), it suffices to write

IVo: ), — Voo, | 12 < IVe: (@), — dp)lI2 + (Vo: — O)pyll2
= ||\/Q_s||L(L2)||¢; = ¢pll2 + 1IV0o: — Vol cay
< Vel 7 195 — éplli2 + 1 /e: — Vel s

then to use (5.37) and (5.39). To prove (5.41), one writes similarly

|VH e, —VH Ja$, | . < IWH Ve 26 — ¢pll2 + |VH Jo: —VH V2|,

then use (5.36) and (5.39).
Let us prove (5.38). We already have n, — n in L?(0, 1), so it remains to prove the
convergence of % in L2, One has

e 12 2
ne= Y AIe5E =) Alel
peN* peN*
thus

dn, dn
dx dx

d & d & AhE
522’ }‘;a(bp_v)‘pa‘ﬁp ‘ )\‘[)¢)[)
peN*

+2)
peN*

Therefore, from (2.1) and Cauchy-Schwarz, one gets

d
\/EE(pp

‘ )‘;¢; - \/E‘Pp‘ :

dn, dn

dx dx

& &€
O
L2
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with
st =Y |[(VHV@), — VHYb| 2 l1V@e bl . (5.42)
peN*
5= Y | WH @), 21/eed; — Job, . (5.43)
peN*

Let us use again (3.8). From the Gagliardo-Nirenberg inequality, one deduces that, for all
N e N*,

D a7 < D AN 2l AoV H G Il 2

p=N p=N

12
< (Z ASP) (TevHoNH)"?

p=N

1/4 1/4
. 1 1/2
sC||gs||Zsz)<Zp2x;,) (Z ?) (Trv/Hoov'H)

p=N

¢ 1/4 3/4 ¢
= yia(Tre) " (TrvHoVH) ™ <~

and similarly
C
2
2 Aolldplin < <
p=N

Thus, for all N € N*

Isf1? < 2(2 ANl ||ioc> (Z IVH /pe¢, — VH /P, ||§2>

peN* p<N

C
+ i 2 (IVHD:G, 52 + IV H o8 17.)

p=N
C
<C Y WHYpt, —VH0$) I3+ i
p<N
and from (5.41) one deduces that
lin(l) |sf|2 =0. (5.44)

Furthermore,

5517 < (Z IVH /24, ||iz> (Z I/Pep, — ﬁmniw)

peN* p<N

+ (Z IVH /2, ||iz> (Z(Mﬁsmim + ||ﬁ¢>,,||iw)>

peN* p=N
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1/2
< C(Z ||~/ﬁﬁ¢p||iz> (Z [Nz ﬁaspniz)

peN* p<N

1/2
C
x (Z IVH /pe¢;, — Jﬁﬁ¢p||iz> + i 2 IWHVES, 17
p<N peN*

where we used again the Gagliardo-Nirenberg inequality. Hence, from (5.41), one deduces
that

lim [s5* = 0. (5.45)
e—=0
The convergence (5.38) of n, is proved.

Step 3: convergence of A.. By a Sobolev embedding in dimension one, Hl'm, is a Banach
algebra: forall u, v € H;g, the product uv also belongs to Hll;er' Hence, from (5.31), one gets

1
VpeN', Vo eH,,, (VH¢, VH($,d)+ /0 Al pdx = — (85, ¢5¢) log 1.

. o . _ 5 .
Multiply this identity by A%, and sum up on p. Since n, = » »Apl@),17, we obtain that, for
all ¢ € H[‘,

1
/0 Acnepdx == 3 (@, (0. logod}) — 3 (VH o' VH (6 /0:05)
peN* peN*

= —Tr($(0:loge:)) — »  (VHJ2:65. vV H($/0:05)). (5.46)

peN*

Let us examinate separately the convergence of the two terms in the right hand-side.
From (5.36), Lemma 3.3(ii), and from

| Tr(¢ (0 log oe)) — Tr(¢ (e loge))| < lpll~lles loge. — elogell s,

one has

lim sup |Tr(¢(esloge.)) — Tr(¢(eloge))| =0. (5.47)

e=0 g <1

Let us now prove that
VH¢ Jo. > VH Join J, ase— 0, (5.48)
where ¢ denotes the operator of multiplication by ¢. Using the identification (2.1), one gets
IVH (Je: — Vo,
=Y IVH¢(Jo: — o), lI2
I

2
L2

d
=y H - =V,
P

@ Springer



594 F. Méhats, O. Pinaud

do|* 4 )
2|2 YU - Vot + 20l | (- Vo)
- P P L
d 2
fcuf 2Z||(¢Q_g—¢5)¢,,||Lz!!~/ﬁ<@—¢5)¢p|\Lz
)

+Clold Y IVH(Ve: — Voo |

< Cligl%i (Ive: — vel, + IWH Ve: — VH /ol

where we used a Gagliardo-Nirenberg inequality. Hence, from (5.36) and (5.37), one de-
duces (5.48). Finally, from (5.36) and (5.48), one gets the following convergence, as ¢ — 0:

> (VH o, VH@ Vo) = (VH e VHS V),

peN*

— (\/ﬁ\/é \/ﬁ¢«/§)_72
= Y (VH0,, VH(®/09y)).  (549)

peN*

: 1 1
Let us now define a linear form on Hper. For ¢ € Hpgr, we set

(A )yt :Tr(%(g logg)> +Y ((ﬁﬁ)@,, «/ﬁ(%@@,)). (5.50)

\per-Hper
peN*

From the above estimates, one deduces that

(A, )y

per-Héer

=<l
n

(ITrologol + Tro + TrvHovVH). (5.51)
Hl

Since n(x) > m > 0 on [0, 1], the application ¢ % is continuous on H! . so the above

]’16"’

defined linear form A is continuous on H!, and belongs to its dual space H; !

per per'

we have proved by (5.46), (5.47) and (5.49) that, for all ¢ € H;

Moreover,

er?

1
/ Agngqﬁdx—(A,n(p)H;eth] =0.
0

per

lim sup
e 0 g1 <1

To conclude, it remains to use the convergence (5.38) of n, to n in H', which implies that
1 converges to % and that, in fact,

ng

1
lim sup / Acpdx — (A, ¥)y-1 . | =0.
=0yl <t 1o perre

In other words, one has
A, — A inthe H]je‘, strong topology as € — 0. (5.52)
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Step 4: identification of o and conclusion. Let us define the following forms on H!

per?
Qa0 ¥) = VHo VHY) + (A, ).
Qalg. V) = WHo VHY) + (A GV) ity -

The form (A,@p)H;l g1 is a symmetric, form-bounded perturbation of (WHe, VHY)
ers per

with relative bound < 1. Indeed, by (5.51) and by % € HII)

er?

%
(A, 0Py, = CllgPlln = Cllelia +Cliols | ==
L
) ) 3/2
1
<Cligllz | = || +Cligl 5" | ==
L2 X2

1
< 5<~/ﬁ¢,¢ﬁ<p>+cn¢niz,

where used the Young inequality and a standard Gagliardo-Nirenberg inequality. Let Hy
be the unique self-adjoint operator associated to Q4. Then, according to Theorem XIII.68
of [30] H, has a compact resolvent and we denote by (u,,) yen+ its eigenvalues. In addition,
we have

104, (@.9) = Qa@. @) < Cll A = Al 191
< CllA: = Al (WHe. VH) + li9ll72)-

Moreover, Theorem 3.6 of [24], Chap. VI, Sect. 3.2 yields the convergence of operators in
the generalized sense, which implies in particular the convergence of the eigenvalues:

—logh’, = pul— u, VpeN*
as ¢ — 0. Hence, by continuity of the exponential function,
k; = exp(—u;) —exp(—u,) VYpeN-.

Besides, according to Lemma A.2 in the Appendix, the 7; convergence of g, to o implies
the convergence of the eigenvalues:

A, =k, VYpeN"

This enables to completely identify the eigenvalues of o: we have
Ap= exp(_ﬂp)-

Furthermore, from (5.41) and from A, > 0, one deduces that ¢>f, — ¢, in H!. One can thus
pass to the limit in (5.31): for all p € N* and for all ¢ € H[17

Wy (@ @) = Qa, (¢}, ) > QalPp. P),
which yields
QA(¢p’ d))::u/p(d)pv ), Vd)GH})er,
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so, finally, (¢,) pen+ is the complete basis of eigenvalues of Q4. We have completely iden-
tified o:

0 =exp(—=(H + A)).

The proof of our main Theorem 2.1 is complete.
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Appendix

Lemma A.1 Let ¢ € £, and denote by (p,)p>1 the nonincreasing sequence of nonzero
eigenvalues of o, associated to the orthonormal family of eigenfunctions (¢,),>1. Denote
by (A,[H]1)p=1 the nondecreasing sequence of eigenvalues of the Hamiltonian H . Then we
have

Te(VHpvVH) =Y p,(VHe, NH$p) =D p,h,[H].

p=1 p=1
Proof Notice first that

Tr(vVHpVH) = Ti(VHp(VHp)) =Y (VH/pd,, N H/p$y),

p>1

= Z pp(\/ﬁ(ppv \/ﬁ¢1))~

p=1

Then,

N N N—-1
> 0o (NHGp NVH) = pn Y (NHey, NHG,) + (oy-1— pv) Y (VHe,, NV H))

p=1 p=1 i=1
2
+ (02— p3) Y _(VHey, VHE,) + pi (VHe1, VH)).
p=1

Using [27], Theorem 12.1 page 300, it comes

N N
Y WH¢, VHG,) =) ,[H],

p=1 p=1

so that, since p, < p,—1, Vp =1,

N N N—-1
> oo (WHey NH) = py Y 2plHI+ (ox-1— py) Y Ap[H]
p=I p=1 p=1

2
+ (02— p3) Y 2plHI+ praa[H],
p=1
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N
=Y pphlHI.
p=1

We conclude by passing to the limit as N — +o0. Notice that the theorem of [27] is written
for Hamiltonians defined on R?, but it can be easily extended to bounded domains. This
ends the proof of the lemma. O

Lemma A.2 Let a sequence oy converging to ¢ in Jy as k — +00. Then the corresponding
nonincreasing sequence of eigenvalues (}JI‘,) peNt, (Ap) penx converge as follows:

* k
Vp e N, mAp—>Ap.

li
k—+00

Moreover, there exist a sequence of orthonormal eigenbasis (qbf,) peN+ Of 0k and an ortho-
normal eigenbasis (¢pp,) pen+ of @ such that

* : k _
Vpe N, Tim ¢} —dylliz =0,

Proof Let us first prove the convergence of the eigenvalues. According to [32], Theo-
rem 1.20, we have the following relation between the eigenvalues of o, and o:

00
)"];,_}"p:Zapq}"q[Qk_Q]v PZI,
g=1

where (A,[0r — 0])4=1 denote the eigenvalues of g, — ¢ and « is a doubly stochastic matrix,
that is a matrix with positive entries such that Z;‘;l py = Z;’il ap, = 1. The minmax

principle [30] implies [A;[ox — o]| < llok — ol £(z2)» Vg > 1, so that

Xy = 2pl < llok —ellear <llek —ellz, p=1,

which gives the desired convergence property.

Let us now prove the convergence of eigenfunctions by following [24] and [2]. Let o (o)
be the spectrum of ¢ and consider an eigenvalue A, of p with multiplicity m ,. Let d,, be the
distance between A, and the closest different eigenvalue,

d,= min |A, —ul,
nea (), u#hrp b

and denote by I" the circle of radius %” centered at A ,. Assume k is large enough so that

dp
llox —oll 2y < D (A.1)

Then according to [24], Theorem IV.3.18, (see also Example 3.20), there are exactly m,,
(repeated) eigenvalues of g, included in I" and denote by ¢’;, ,»1=1,...,m, the associated
eigenfunctions. If (¢, 1)1, ..m » denote the eigenfunctions associated to A ,, we construct an
operator U such that

¢y, =Usdps, 1<1<m,, and Uy—IinL(L?) ask— oo.
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To do so, let P,[o] be the projection operator onto the spectral components of g inside T,

P,lo] = ﬁ/r(zl —0) ldz.
According to [24], I1.4.2, Remark 4.4, if
| Pplo]l — Pplodll o2y < 1, (A2)
then an expression of U ; can be given by

U = (I — (Pylox] — PoleD?) 2 (Pylodd Pyle] + (I — Pyla)( — Pyle).  (A3)

Let us verify first that (A.2) holds for k large enough. We have
1
Pyle] = Pplor] = i /((zl —0)"' — (el — o) Nz,
1T Jr

1
=5 /(zl —0) (o — ol — o) 'dz.
1T Jr

From the definition of d,,, we have

2
sup izl —0) Nz = i (A4)
zel P

Moreover, owing (A.1) and noticing that
@l - =0+l -0 e—0o) '@l -0

and

[+ @l =0 =0 |y = (1= IGT =0 (0 = Dllcan)

) -
< <1 - d_,,”Qk - Q||L(L2)> ,

we conclude that

1
(A.5)

—1
sup |z — o)™ Nl oy < 7 .
zel 7 = llex — el a2

Therefore, (A.4) and (A.5) imply the inequality

llok — Q||£(L2)

I Pple] = Pploklll z2y < 7, .
> — llex — el zw2

Assuming k is large enough so that [[ox — @llz2) < ‘{T”, the above inequality yields the
desired result since

4
| Pple] — Pplowlll g2y < d—”Qk =0l < L. (A.6)
P
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Let us prove now that Ulf — I in £L(L?) as k — oo. First, remarking that P,lo] = P,,[Q]2
and Pylo]l =P, [ox]? since both are projections, (A.3) can be recast as

UE = (I — (Pylox] — PyloD)®) 2 (I + Pyloil(Pylo] — Pyloc)) + (Pylod — Pyle]) Pylo))-
Let 8§ := || Pylo] — Pplowlll 212y < 1. Then

1

H (I = (P,10"1— Pylo])?) 2 <(1-6)2,

L(L?)

and, together with (A.6),

|UE =1 11y = (1 =872 (1 Plad(Pole] = Poloh) | o2,
+ 1(Pylox] = PploD Polelll ey + 1(Pylox] = PoloD’ll ci2)
<(1-6)7125+82),
< Cpllox — oll2ys
where the constant C,, does not depend on k for k large enough. It thus follows that
g, — ¢pilliz < Cpllox — @l zz2y > 0 as k — oo.

This ends the proof of the lemma. O

Proof of Lemma 5.3 Let I' be an oriented curve in (—n, +00) x R that contains the interval
—g, 2)lol). Let t € [—to, to], with 2ty ||w|| < min(n, ||o]]). For such values of ¢, the spectrum
of ¢ + tw is included in the interval (—2,2|lo|).
Since B, is holomorphic in (-7, 00) x R, one can define B, (0 + tw) and B, (0) by

1
Bn(o) = ﬂfrﬂ”@(zl —0)7'dz,

1
Bylo+tw) = E/Fﬂn(z)(d —0—tw) ldz.

Let |z]| € [0, min(%y, #;)], where
t1dist(T, 0 (0) ' o] < 1,
o (o) denoting the spectrum of o. We have

@l—o-to) ' =@l -0 "=l -0 ' U -tw@zl —0)) ' =l -0

=@l—-0)7" ) (ol —o) ™)

keN*

where the latter serie is normally converging in 7;. Indeed, first,
It =) ) g <t oGl — o)™ III}I,
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so that we only need to estimate w(z — 0)~! in J;. Now, since g is self-adjoint,
Izl — @)~ Il = dist(z, o))" < dist(T" (@),
and it comes

ol =) g < 1l =0 ol
< lt|dist(T, 0() @l 7,

<1, V| =<t.
‘We thus can write
@l —o-to) ' =@l —0) ) =@l -0 'wEl —0) +1A, 2),

where the operator A(z, z) is uniformly bounded in J; with respect to ¢ and z for [¢| €
[0, min(%y, ;)] and z € I". Hence,

1
Ty 0 + 1)~ Trfy (@) = 5. Tr / BT — )l — o) dz
r

+ _LTr/ By (A, 2)dz.
217'[ r

The two expressions of the right-hand side are well-defined and we have

Tr/ Bn(2)(zl —0) 'w(zl — o) 'dz
r

=< / 1B, @I = 0) ozl —0) 'l 5 dz,
r

< dist(T" 0 (0)) o] / 1B, (D)ldz,
r

T [ pi(@awd:
r

= sup A, 27 / 1By(2)ldz = Cy,
r

z€e

where C; is independent of 7 € [0, min(#, #;)]. Hence
1
tim 1 '[T0 (0 + 10) — Trf, (@)1 = 5 Tr [ B@IGT - ) w(el — o) ez
=0+ 2imw r

1
= 5= 2 (@ 0) / By (@) (2 — pi)7dz,
LT r

ieN*

where (p;, ¢;)ien denote the spectral elements of o. Standard complex analysis then implies
that

1 -2 —al(n.
E/Fﬁn(z)(z—pf) dz = B,(pi)-

We therefore get the following expression of the Gateaux derivative:

DE)(@) =Y. B)(0) (i, o). (A7)

ieN*
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The serie is absolutely converging since ﬂ;’ (s) =log(s +n) is locally bounded on R (recall
that n > 0):

1B, (0:) (i, 09i)| < Cl(¢i, 0pi),

and since we have assumed that w € J,. Finally, to identify the derivative, it suffices to
notice that

> B o) @ 0b) = D (9. 0B ()b = Tr(h, (0)) = Tr(B, (Q)w).

ieN* ieN*
The proof of Lemma 5.3 is complete. O
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